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Abstract: We consider a gas of free chiral fermions trapped inside a uniform rotating
spherical shell. Once the shell becomes transparent the fermions are emitted along the axis of
rotation due to the chiral and mixed anomaly. In return, owing to momentum conservation,
the shell is propelled forward. We study the dependence of the magnitude of this effect on
the shell parameters in a controlled setting and find that it is sensitive to the formation of an
ergosphere around the rotating shell. A brief discussion on a possible relation to pulsar kicks
is provided.
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1 Introduction
Chiral fermions are anomalous—what seems like a U(1) symmetry of the free action is not a
symmetry of the partition function. This peculiar property has had many repercussions on
modern-day particle physics ranging from an explanation of the abnormally large decay rate
of the neutral pion [1, 2] through restrictions on possible extensions of the standard model
[3] to duality relations between supersymmetric quantum field theories [4]. Over the last
forty odd years much effort has gone into a comprehensive classification of anomalies and an
understanding of their effect on S-matrix elements and vacuum correlation functions (see e.g.,
[5] for a comprehensive review). More recently, it has been established that anomalies play
a prominent role in the response of the system to vorticity (or a magnetic field) when the
system is in or near thermal equilibrium [6–13].
Let us briefly review these latest developments. The (covariant) energy momentum tensor
T µν and chiral current Jµ satisfy the (non-)conservation laws
∇µJµ = 1
4
ǫµνρσ
(
3cAFµνFρσ + cmR
α
βµνR
β
αρσ
)
∇µT µν = FµνJν + cm
2
∇ν
(
ǫρσαβFρσR
µν
αβ
) (1.1)
where
cA = − 1
24π2
cm = − 1
192π2
, (1.2)
are the anomaly coefficients for a left handed fermion and indicate the strength of the anomaly,
Rαβγδ is the Riemann tensor and F = dA is a flavor field strength. Our conventions are the
same as those specified in [12], where (1.1) has been carefully derived. Had cA = cm = 0,
(1.1) would have reduced to current conservation and energy-momentum conservation up to
a Joule heating term.
When the system is near thermodynamic equilibrium one finds that the 10 components
of the stress tensor and four components of the chiral current depend on five parameters:
– 1 –
a temperature field T , a chemical potential field µ, and a velocity field uµ normalized such
that uµuµ = −1. The expression relating the components of the stress tensor and current to
the five thermodynamic parameters are referred to as constitutive relations. Due to possible
field redefinitions of the thermodynamic parameters there is some non physical ambiguity in
the constitutive relations which may be fixed by an appropriate definition of thermodynamic
fields (see e.g., [14–16]). Choosing a particular definition is referred to as a choice of frame.
In what follows we will use a particular definition, referred to as the thermodynamic frame
[17] (used also in [18]). We point out that our final results are frame independent.
The constitutive relations for the energy momentum tensor, to first order in derivatives,
in the thermodynamic frame, are given by
T µν = ǫuµuν + P (gµν + uµuν) + uµqν + uνqµ − ησµν (1.3a)
where P (T, µ) is the pressure, ǫ = −P + T ∂P∂T + µ∂P∂µ ,
qµ = −2 (8π2cmµT 2 + cAµ3) ǫµνρσuν∂ρuσ (1.3b)
and
σµν = (uµuρ + gµρ)(uνuσ + gνσ) (∇ρuσ +∇σuρ)− 1
3
(uµuν + gµν)∇ρuρ . (1.3c)
The constitutive relations for the anomalous U(1) current are given by
Jµ = ρuµ + νµ . (1.3d)
where ρ is a charge density and νµ is given by
νµ = σ(uµuρ + gµρ)
(
Eρ − T∇ρ µ
T
)
− (8π2cmT 2 + 3cAµ2)ǫµνρσuν∂ρuσ (1.3e)
where Eµ = Fµνuν is the flavor electric field in the rest frame of a fluid element. We refer
the reader to [11] for a detailed derivation of (1.3). Solving (1.1) with (1.3) will provide us
with an expression for the velocity field uµ, chemical potential µ and temperature T in terms
of the background metric and gauge field and the boundary and initial data.
In section 2 we will present a solution to (1.1) for a chiral fermion gas trapped inside a
uniformly rotating spherical shell. However, before going into the details of such a computa-
tion we point out that (1.3b) and (1.3e) with non zero cA or cm indicate that the chiral current
and heat current respond in an unexpected way to the vorticity vector, ωµ = ǫµνρσuν∂ρuσ. If
the gas is forced to rotate then, at the level of linear response, a current will be generated in
the direction of rotation.
It is somewhat surprising that the anomaly modifies the hydrodynamic behavior of a
macroscopic system. The unusual dependence of the current on vorticity holds the promise of
observing the effect of anomalies in appropriate astrophysical or cosmological settings. Our
initial foray in this direction involves a study of the behavior of a bound rotating gas of chiral
fermions which is suddenly free to expand. We will argue below that due to the anomaly the
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fermions will be emitted in the direction of rotation and, owing to momentum conservation,
will propel the vessel which bound them in the opposite direction.
It is tempting to relate the aforementioned propulsion mechanism to an astrophysical
phenomenon referred to as pulsar kicks whereby young neutron stars move at high linear
velocities of order of hundreds of kilometers per second. These peculiarly high velocities
are much larger than the velocity of the progenitor star which core-collapsed, exploded and
generated the neutron star and are difficult to explain by conventional means, see e.g., [19].
The idea that anomalies are responsible for pulsar kicks has appeared sporadically in the
literature, see, e.g., [20–24]. Often, the kick is attributed to the response of an anomalous
current to a magnetic field (which is frequently referred to as the chiral magnetic effect [25]),
the reason being that the response of the anomalous current to vorticity is negligible. Indeed,
as we will see below, if the geometry exterior to the shell does not posses an ergosphere
then the angular velocity of the shell is too small to be observable. However, when the
geometry outside the shell possesses an ergosphere (or if the radius of the sphere is close to
its Schwarzschild radius) then standard arguments associated with dimensional analysis are
somewhat incomplete.
Our work is organized as follows. In section 2 we solve (1.1) for a gas of fermions which is
trapped in a uniformly rotating, compact, axisymmetric body. We compute the momentum
of the emitted fermions once the body becomes transparent under the assumption that the
emission is instantaneous. An analysis of the result and its relation to pulsar kicks can be
found in section 3.
2 Rotating chiral fermions
Consider an axisymmetric body of mass M and radius R rotating about a fixed axis with
angular velocity ω as measured by an observer at flat asymptotic infinity. If we parameterize
the metric at infinity via a standard spherical coordinate system,
ds2 = −dt2 + dr2 + r2 (dθ2 + sin2 θdφ2) (2.1)
then the rotational symmetry of the problem amounts to the existence of Killing vectors ∂t
and ∂φ and two Z2 symmetries: one which flips time and the direction of rotation (t→ −t and
φ → −φ), and another which reflects across the equator, (θ → π − θ). Given this symmetry
we may choose the r and θ coordinates such that the metric takes the form
ds2 = gij(r, θ)dx
idxj + grr(r, θ)(dr
2 + r2dθ2) (2.2)
with Roman indices i and j running over φ and t. Often we will switch to a cylindrical
coordinate system
ds2 = gij(ρ, z)dx
idxj + gzz(ρ, z)(dρ
2 + dz2) (2.3)
where ρ = r sin θ and z = r cos θ.
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Let us assume that the mass M contains a thermally equilibrated gas of chiral fermions
whose energy is small enough compared to M so that they don’t modify the space-time
metric. We also assume that modifications to the energy momentum tensor of the mass
due its interaction with the fermions may be ignored. Put differently, we assume that the
fermions are bound to the interior of the rotating body via its gravitational pull, and neglect
the behavior of the fermion gas at the boundary of the body.
Since the metric due to the rotating body is stationary we may use the techniques de-
veloped in [17, 26] to compute the stress tensor and current of the fermion gas in such a
background. In the thermodynamic frame, the solution is guaranteed to be given by
uµ =
1√−gtt


1
0
0
0

 T = T0√−gtt
µ
T
=
At
T0
. (2.4)
Indeed, one can check that upon insertion of (2.4) into (1.3) the conservation equations (1.1)
are satisfied. The reader is referred to [12, 17, 26] for details.
At this point, it is worth pausing to emphasize that the final expression obtained for the
stress tensor after inserting (2.4) into (1.3) is independent of the choice of frame. Had we used
a different set of constitutive relations, the expressions (2.4) would have been modified such
that the resulting dependence of the energy momentum tensor and current on the background
fields would have been the same as the one obtained from (2.4) and (1.3). We have chosen
to present the thermodynamic frame in (1.3) since the techniques of [17, 26] provide us
with a nifty solution to the equations of motion in such a frame. Had we worked in the
more traditional Landau frame our final result for the stress tensor would have remained
unchanged.
With the solution (2.4) at hand, one can now compute the four-momentum of the fermion
gas
Pµ =
∫
T µ0
√
gφφgzzdρdzdφ (2.5)
where the integral is over the entire volume encasing the gas. Of particular interest is the
pressure along the axis of rotation, P z. A short computation yields
P 0 = 2π
∫
3gttgφφ − 4g2tφ
−gtt(gttgφφ − g2tφ)
P (T, µ)grr
√
gφφdrdz (2.6)
P z = −2π
∫
2µ
√
gφφ(8π
2cmT
2 + cAµ
2)
gtφ∂ρgtt − gtt∂ρgtφ
(−gtt)3/2
√
g2tφ − gttgφφ
drdz (2.7)
with
P (T, µ) =
1
3
∫
d3p
(2π)3
p
[
1
e(p−µ)/T
+
1
e(p+µ)/T
]
=
7π2T 4
360
+
T 2µ2
12
+
µ4
24π2
(2.8)
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the pressure of a chiral fermion gas at temperature T and chemical potential µ. We have not
written down similar expressions for the remaining components of the momentum four-vector
of the gas.
Let us assume that the rotating body becomes suddenly transparent to the fermion gas.
The velocity gained by the rotating body due to the ejection of the gas is given by
v = −P
z
M
. (2.9)
3 Discussion
To understand the implications of our main result (2.9) it is convenient to consider a particular
configuration where the components of the space-time metric are available explicitly. Unfor-
tunately, a full analytic solution for a rotating axisymmetric body is not known in general.
Nevertheless, for slowly rotating shells such a result is available when working perturbatively
in the shell angular velocity. In appendix A we show that
gtt =− (R − rs)
2
(R + rs)2
(
1 +O(ω2))+ ω2 R2ρ2λ2
(R + rs)8
(
1 +O(ω4))
gtφ =− ρ
2λ0ω
R(R+ rs)2
(
1 +O(ω2))
gφφ =
ρ2(R+ rs)
4
R4
(
1 +O(ω2))
grr =
(R + rs)
4
R4
(
1 +O(ω2))
gzz =grr
(3.1a)
with
λ0 =
4(2R − rs)rs(R + rs)5
R3(3R − rs) , (3.1b)
solves the Einstein equations for a uniformly rotating thin spherical shell. Here rs is the
Schwarzschild radius. In our coordinate system it is related to the mass of the shell via
rs = M/2. In the first line of (3.1a) we have kept the explicit O(ω2) dependence in order
to be able to account for the case of R ∼ rs. The result (3.1a), not including the O(ω2)
corrections has been first obtained in [27] and is most relevant for the ensuing discussion.
In order to understand the role of the various metric components in (2.7) let us insert the
solution (3.1) into (2.6) and (2.7) together with the assumption that the chemical potential
is constant throughout and that we can neglect the temperature relative to the chemical
potential, µ/T ≫ 1.1 We find
P z =− 16πcA(R+ rs)
6µ3
R2λ0ω
(
1− (R − rs)(R + rs)
3
R2λ0ω
arctanh
(
R2λ0ω
(R− rs)(R + rs)3
))
(3.2a)
1As we will see shortly, we will be particularly interested in the case of small gtt. As long as gtt is small
but finite we may always tune T0 in (2.4) so that the chemical potential is larger than the temperature.
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and
P 0 =
µ4(R+ rs)
14
2πR7λ20ω
2
(
1− 1
Ξ
arctan Ξ
)
(3.2b)
with
Ξ =
R2λ0ω√
(R − rs)2(R+ rs)6 −R4λ20ω2
. (3.3)
Strictly speaking (3.2a) and (3.2b) should be multiplied by
(
1 +O(ω2)).
Note that there exists a critical frequency ωc,
(R− rs)(R+ rs)3
Rλ0
= ωcR (3.4)
at which P z diverges logarithmically. The critical frequency is precisely the value of ω at
which gtt = 0 and an ergosphere is formed. (We are assuming here that ωcR≪ 1 so that the
approximation (3.1a) remains valid.) In what follows we will consider configurations where
ω = ωc(1− δ) (3.5)
with δ positive. For small values of δ, an ergosphere is just about to form. If an ergosphere
forms outside the spherical shell then the methods of [17, 26] have to be used with some
care in order to keep track of the location of the timelike Killing vector in the background
space-time. We leave such an analysis for future research.
Using (3.2a) and (2.9) we find that in the limit where ωR≪ 1 and eδ > 1,
v
c
=
8
3
(
8
3π
)1/4 √1 + ξ(1 + 2ξ)
(2 + ξ)(2 + 3ξ)
√
ξ
(P 0R)3/4(ωR)
(MR)
(3.6)
where we have defined
R = rs(1 + ξ) (3.7)
and have used (3.2b) to replace the chemical potential with the total energy. But if ωR≪ 1
and δ ≪ 1, then we find
v
c
= −1
3
(
8
π
)1/4 √ξ(1 + ξ)5/2
(2 + ξ)3
(P 0R)3/4
MR
ln(δ) . (3.8)
As mentioned previously, the logarithmic divergence of v/c in (3.8) is a result of the
formation of an ergosphere around the rotating spherical shell. Due to the general form of
(2.7) and (2.6) it seems possible that the divergence of P z in such configurations goes beyond
our slowly rotating shell model (3.1).
Let us now attempt to relate (3.6) or (3.8) to pulsar kicks [19]. Recall that once a star
does not have enough energy to resist its own gravitational pull, it collapses and forms a
proto-neutron star via a supernova explosion. The proto-neutron star evolves into a neutron
star via a cooling mechanism. Since both during the collapse process and during the cooling
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phase, neutrinos are emitted, it is tempting to estimate the recoil of the proto-neutron star
to directed neutrino emission via the mechanism we have outlined above. Before doing so
we emphasize that our simple-minded model misses many of the important and necessary
features of the dynamics of supernova and proto-neutron stars.
Typical values for the mass, M , radius, R∗, and rotation periods, T , of young proto-
neutron stars are given by [28, 29]
7 . R∗/km . 16 , 1 . M/M⊙ . 2 , 0.4 . T/ms . 1.5 , (3.9)
and the neutrinos are emitted at an estimated [30] and measured [31, 32] luminosity of
Eν ∼ 1052 erg s−1 (3.10)
over a period of an order of half a second.
For typical slowly rotating stars, say,
R∗ ∼ 10 km , M ∼ 1.5M⊙ , T ∼ 1ms , (3.11)
we find that
ξ ∼ 5.94 , ωR ∼ 0.16 , δ ∼ 0.91 , (3.12)
where we have used
R∗ =
∫ R
0
√
grrdr (3.13)
with
G = 6.67 × 10−11 N (m/kg)2 , M⊙ = 1.98 × 1030 kg . (3.14)
The recoil velocity of the shell, according to (3.6) comes out to v ∼ 10−23c, too small to be
observable. However, if we take more extreme values for the neutron star parameters,
R∗ ∼ 6.9 km , M ∼ 2.2M⊙ , T ∼ 0.5ms , (3.15)
which imply
ξ ∼ 0.68 , ωR ∼ 0.11 , δ ∼ 0 ; (3.16)
an ergosphere is generated. In this case, according to (3.8), the ratio v/c may be exceedingly
large, it’s exact value depending on the precise details of the collapse process which our simple
minded model can not capture.
There are several models which deal with the appearance and instability of an ergosphere
in rotating axisymmetric bodies [33, 34] also in the context of neutron stars [35]. It would be
interesting to check the viability of our proposed mechanism in a dynamical setting.
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A The metric of a rotating spherical shell
The metric induced by a rigidly rotating uniform spherical shell in asymptotically flat space
can be computed along the lines of [27, 36–40]. We parameterize our space-time by coordinates
t, ρ, z and φ with −∞ < t < ∞, ρ > 0, −∞ < z < ∞ and 0 ≤ φ < 2π. A rigidly rotating
sphere will induce an axisymmetric geometry, by which we mean a geometry with two Killing
vectors, denoted ∂t and ∂φ, and two discrete Z2 symmetries, denoted T and P , the first inverts
both time, t, and the angular direction of rotation, φ (t → −t and φ→ −φ) and the second
is a parity symmetry along the equatorial plane (z → −z). The most general line element
which satisfies all these symmetries is given by
ds2 = gij(ρ, z)dx
idxj + gab(ρ, z)dx
adxb (A.1)
with Roman indices i and j running over φ and t and the indices a and b running over ρ and
z.
One can now argue that there exists a coordinate transformation which diagonalizes gab
leaving us with four independent parameters characterizing the metric. We note in passing
that there is still some residual diffeomorphism invariance which allows us to carry out a
holomorphic or antiholomorphic coordinate transformation in the r, z plane, keeping the
diagonal form of gab fixed. In [36] it was shown that, in the absence of matter, one can use
these residual coordinate transformations to fix the value of the determinant of gij ; in the
absence of matter |gij | satisfies the Laplace equation. In what follows we will not use such a
coordinate choice. Instead we will parameterize the line element via
ds2 = −e2Udt2 + e−2U (e2K(dr2 + r2dθ2) +W 2(dφ− ωAdt)2) , (A.2)
similar to [40]. Here z = r cos θ and ρ = r sin θ.
The rigidly rotating shell which sources the metric is assumed to be very thin with delta-
function support at r = R, T µν = τ
µ
νδ(r − R). Since the shell is rigidly rotating then the
local velocity field of a shell element, uµ, should satisfy
τµνu
ν = −σuν (A.3)
with uφ = ωut and the other components of uµ vanishing. The angular momentum of the
shell as seen by an observer at infinity is ω and its surface density is σ [38]. We will require
that ω and σ are constant.
Our strategy for determining the metric induced by the shell is to compute the metric
inside and outside the shell, perturbatively in ω,
U =
∑
i
U(2i)ω
2i, K =
∑
i
K(2i)ω
2i, W =
∑
i
W(2i)ω
2i, A =
∑
i
A(2i)ω
2i (A.4)
and match the solutions across the shell using the Israel junction conditions [41].
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To zeroth order in ω the shell is not rotating and we recover the Schwarzschild exterior
and a flat interior:
U(0) =
{
ln ((r − rs)/(r + rs)) r ≥ R
ln ((R− rs)/(R + rs)) r < R
, K(0) =
{
ln
(
(r2 − r2s)/r2
)
r ≥ R
ln
(
(R2 − r2s)/R2
)
r < R
(A.5)
and
W(0) = e
K(0)r sin θ . (A.6)
The equations of motion at order ω involve only A(0). Requiring that the exterior geom-
etry is asymptotically flat, that the interior is non singular, and that the induced metric on
the sphere is continuous we obtain
A(0) =


r3λ0
(r+rs)6
r ≥ R
R3λ0
(R+rs)6
r < R
, (A.7)
with λ0 an undetermined integration constant. Enforcing (A.3) for a rigidly rotating sphere
implies that
λ0 =
4(2R − rs)rs(R + rs)5
R3(3R − rs) . (A.8)
So far we have reproduced the results of [27].
The same procedure can be carried out at order ω2. After matching the induced metric
along the rotating sphere we find that
U(2) =
{
ua(r) + ub(r)L2(cos θ) r ≥ R
β8 + β9r
2L2(cos θ) r < R
, K(2) =
{
ka(r) + kb(r)(sin θ)
2 r ≥ R
β5 + r
2β6 − 2r2β6(sin θ)2 r < R
(A.9)
and
W(2) =
{
β1
r3
sin(3θ) + β0r sin θ r ≤ R
β7r sin θ + β6r
3R
2−r2
s
3R2
sin(3θ) r < R
, (A.10)
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where L2 is a second order Legendre polynomial, the u’s and k’s are given by
ua =
192r2
(
r2sβ0 + β1
)− 128r2sβ1
192r3sr(r
2 − r2s)
−
λ20
(
13r2sr
3 + 3r
(
r2s + r
2 + 3rsr
)2)
192r3s (r + rs)
6
+ β3 log
(
r − rs
r + rs
)
ub =
8β1
3rrs(r2 − r2s)
+
λ20r
3
12rs (rs + r) 6
+
2β2rs
(
r2 + r2s
)
r
+ β2
(
r4s
r2
+ r2 +
2r2s
3
)
log
(
r − rs
r + rs
)
ka =
β0
r2 − r2s
+
3β1
r2(r2 − r2s)
kb =− 2β1(4r
2 − 3r2s)
r2(r2 − r2s)2
+
r4λ20
2(r2 − r2s)2(r + rs)4
+
r2β4
(r2 − r2s)2
−
4rsβ2
(
2rrs(r
4 + r4s) + (r
2 − r2s)2(r2 + r2s) ln
(
r−rs
r+rs
))
r(r2 − r2s)2
(A.11)
and the βi’s are determined in terms of β0 via the linear equations
β9 =
ub(R)
R
β8 =ua(R) β7 =
β0
R2
β6 =
3β1
R4(R2 − r2s)
β5 =ka(R) +
1
2
kb(R) β4 =
2β1
α2
− 6α2β3 − λ
2
0
32α3
(A.12)
β3 =
β0
2r2s
+
β1
2r4s
− λ
2
0
128r4s
β2 =− 3β3
8α2
β1 =− 1
6
R2(R2 − r2s)kb(R) .
The value of β0 is determined by the requirement that the surface energy on the sphere
(c.f., equation (A.3)) is uniform. We find
0 =R (rs +R) k
′
b(R)− 2kb(R) (R− rs) + 3R (rs +R)u′b(r)− 3ub(r) (R− rs)
+
3λR
(
(rs +R)
6 − λR3)
2 (R− rs) (rs +R) 6 +
8
3
β6R
2 (rs +R)− 3β9R2 (rs +R) +
8β1
(
2R2 − r2s
)
R2 (R− rs) 2 (rs +R) .
(A.13)
Equation (A.13) together with (A.12) determine all the βi’s in terms of R and rs.
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